BOUNDING MULTIPLICATIVE ENERGY BY THE 

SUMSET 



JOZSEF SOLYMOSI 

Abstract. We prove that the sumset or the productset of any 
finite set of real numbers, A, is at least |A| 4 / 3 ~ £ , improving earlier 
bounds. Our main tool is a new upper bound on the multiplicative 
energy, E(A,A). 



1. Introduction 
The sumset of a finite set of an additive group, A, is defined by 

A + A = {a + b : a,b G A}. 

The productset and ratioset are defined in a similar way. 

AA = {ab:a,be A}, 

and 

A/ A = {a/b : a,be A}. 

A famous conjecture of Erdos and Szemeredi [4J asserts that for any 
finite set of integers, M, 

max{|M + M\, \MM\} > |M| 2 " £ , 

where e — > when \M\ — > oo. They proved that 

max{|M + M\, \MM\} > \M\ 1+S , 

for some 5 > 0. In a series of papers, lower bounds on 5 were find. 
5 > 1/31 [9J, 5 > 1/15 0, 5 > 1/4 [2\, and 5 > 3/14 [T2]. The last two 
bonds were proved for finite sets of real numbers. 
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2. Results 
Our main result is the following. 
Theorem 2.1. Let A be a finite set of positive real numbers. Then 

\AA\\A + A\ 2 > 

holds. 

The inequality is sharp - up to the power of the log term in the de- 
nominator - when A is the set of the first n natural numbers. Theorem 





A 
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4 [log 





2.1 implies an improved bound on the sum-product problem. 
Corollary 2.2. Let A be a finite set of positive real numbers. Then 

UI 4 / 3 



max{|A + A|,|AA|}>- ^ 



holds 



2.1. Proof of Theorem |2.1| , To illustrate how the proof goes, we are 
making two unjustified and usually false assumptions, which are sim- 
plifying the proof. Readers, not interested about this "handwaving", 
will find the rigorous argument about 20 lines below. 

Suppose that AA and A/A have the same size, \AA\ ~ and 
any element of A/ A has about the same number of representations as 
any other. This means that for any reals s, t G A/ A the two num- 
bers s and t have the same multiplicity, \{(a,b)\a,b e A, a/b = s}\ ~ 
\{(b, c)\b, c G A,b/c = t}\. A geometric interpretation of the cardinal- 
ity of A I A is that the Cartesian product A x A is covered by 
concurrent lines going through the origin. Label the rays from the 
origin covering the points of the Cartesian product anticlockwise by 
7*1, r 2 , . . . , r m , where m = \A/A\. 

Our assumptions imply that each ray is incident to |y4.| 2 /|y4.^4| points 
of A x A. Consider the elements of A x A as two dimensional vectors. 
The sumset (A x A) + (A x A) is the same set as (A + A) x (A + A). 
We take a subset, S, of this sumset, 

m— 1 

S = (J (n n A x A) + (r i+1 n A x A) c (A + A) x (A + A). 

i=l 

Simple elementary geometry shows (see the picture below) that the 
sumsets in the terms are disjoint and each term has 
\ri fl A x A||r i+1 H A x A\ elements. Therefore 

\S\ = \AA\(\A\ 2 /\AA\) 2 < \A + A\ 2 . 
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After rearranging the inequality we get \A\ 4 < \AA\\A + A\ 2 , as we 
wanted. Now we will show a rigorous proof based on this observation. 

We are going to use the notation of multiplicative energy. The name 
of this quantity comes from a paper of Tao [13], however its discrete 
version was used earlier, like in [3J. 

Let A be a finite set of reals. The multiplicative energy of A, denoted 
by E(A), is given by 

E{A) = \{{a, b, c, d) e A 4 \ 3A e R : (a, b) = (Ac, Xd)}\. 

In the notatation of Gowers [7], the quantity E(A) counts the number 
of quadruples in log A. 



To complete the proof of Theorem |2.1| we show the following lemma. 
Lemma 2.3. Let A be a finite set of positive real numbers. Then 

< 4\A + A\ 2 . 



Rog \a\] 



Theorem 
inequality 



2.1 follows from Lemma 2.3 via the Cauchy-Schwartz type 



E(A) > |A|4 



\AA\- 

□ 



2.2. Proof of Lemma 2.3 Another way of counting E(A) is the 
following: 

(l) E(A) = l^nA| 2 . 

xeA/A 

The summands on the right hand side can be partitioned into [log |^4|] 
classes according to the size of xA n A. 

[log \A\] 
j=n x 

2 ! <|a;AnA|<2 I + 1 

There is an index, J, that 



E{A) < J2 \ xA n A 



2 



\\og\A\] 

2 1 <\xAnA\<2 I + 



^This simple inequality appears in the literature in various places like in the 
proof of Theorem 2.4 [3], Remark 4.2 in [13 , or Corollary 2.10 in [H]. 



4 



JOZSEF SOLYMOSI 



Let D = {s : 2 1 < \sA n A\ < 2 /+1 }, and let si < s 2 < . . . < s m 
denote the elements of D, labeled in increasing order. 

(2) n E{A ] n < Y \xAnA\ 2 <m2 2I+2 . 

2 1 <\xAnA\<2 I + 1 

Each line lj : y = SjX, where 1 < j < m, is incident to at least 2 1 
and less than 2 I+1 points of Ax A. For easier counting we add an extra 
line to the set, l m +i, the vertical line through the smallest element of 
A, denoted by a%. Line l m +i has \ A\ points from Ax A, however we are 
considering only the orthogonal projections of the points of l m . (fig. 1) 

The sumsetQ (k n A x A) + (l k D A x A), 1 < j < k < m, has size 
\liC\Ax A\\l k nAx A\, which is between 2 2/ and 2 2/+2 . Also, the sumsets 
along consecutive line pairs are disjoint, i.e. 

((k n A x A) + (k+i n A x A)) n ((l k nAx A) + (i k+1 nix A)) = 0, 

for any 1 < j < k < m. 




Figure 1. 

The sums are elements of (A + A) x (A + A), so we have the following 
inequality. 

2 As usual, by the sum of two points on R 2 we mean the point which is the sum 
of their position vectors. 
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m2 21 < 



[j(h n A x A) + n A x A) 



1=1 



The inequality above with inequality ^ proves the lemma. 



□ 



2.3. Remarks. Let A and B be finite sets of reals. The multiplicative 

energy, E(A, B), is given by 

E(A,B) = \{(a,b,c,d) G AxBxAxB] 3\ G R: (a,b) = (Ac,Ad)}|. 

In the proof of Lemma |2.3 we did not use the fact that A = B, the 
proof works for the asymmetric well. Suppose that \A\ > \B\. 

With the lower bound on the multiplicative energy 



E(A,B) > 



\A\ 2 \B\ 
\AB\ 



our proof gives the more general inequality 

< A\\og\B\]\A + A\\B + B\. 



\A 


2 


B 


12 




AB\ 





3. Very small productsets 

In this section we extend our method from two to higher dimensions. 
We are going to consider lines though the origin as before, however 
there is no notion of consecutiveness among these lines in higher di- 
mensions available. We will consider them as points in the projective 
real space and will find a triangulation of the pointset. The simplices 
of the triangulation will define the neighbors among the selected lines. 



The sum-product bound in Theorem 2.1 is asymmetric. It shows 
that the productset should be very large if the sumset is small. On the 
other hand it says almost nothing in the range where the productset 
is small. For integers, Chang pQ proved that there is a function 5(e) 
that if \AA\ < \A\ 1+£ then \A + A\ > \A\ 2 ~ 5 , where 5 -»• if e ->• 0. 
Similar result is not known for reals. It follows from Elekes' bound 



[2] (and also from Theorem 2.1) that there is a function 5(e) that if 
\AA\ < \A\ 1+e then \A + A\ > \A\ 3 / 2 ~ 5 , where 5 -»• if e -> 0. We prove 
here a generalization of this bound for fc-fold sumsets. For any integer 
k > 2 the A;-fold subset of A, denoted by kA is the set 

kA = {ai + a 2 + . • • + a k \a\, . . . , a k G A}. 



() 
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Theorem 3.1. For any integer k > 2 there is a function S = Sk(e) 
that if \AA\ < \A\ 1+£ then \kA\ > lA] 2 - 1 ^" 6 , where 5 -> if e -> 0. 

Proof. We can suppose that A has only positive elements WLOG. Let 
\AA\ < \A\ 1+£ . By a Pliinnecke type inequality (Corollary 5.2 [10] or 
Chapter 6.5 [14]) we have \A/A\ < \A\ 1+2e . Consider the fc-fold Carte- 
sian product A x A x ... x A, denoted by x k A. It can be covered by 
no more than {A/A^- 1 lines going through the origin. Picture \2\ illus- 




FlGURE 2. 

trates the k = 3 case. Let H denotes the set of lines through the origin 
containing at least |^4| 1— 2e< ^ fc— /2 points of x k A. With this selection, 
the lines in H cover at least half of the points in x k A since 

I 4 II— 2e(fe— 1) |4|fc I 4 life 

^ — i- 4 ^!'- 1 = ^tL-^ - 1 * ^ • 

As no line has more than \A\ points common with x k A, therefore \H\ > 
\A\ k ~ l /2. The set of lines, H, represents a set of points, P, in the 
projective real space RP fc_1 . Point set P has full dimension k — 1 as 
it has a nice symmetry. The symmetry follows from the Cartesian 
product structure; if a point with coordinates (ai, . . . , a^) is in P then 
the point (cr(ai), . . . , cr(afc)) is also in P for any permutation er e S^. 
Let us triangulate P. By triangulation we mean a decomposition of 
the convex hull of P into non-degenarate, k — 1 dimensional, simplices 
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such that the intersection of any two is the empty set or a face of both 
simplices and the vertex set of the triangulation is P. It is not obvious 
that such triangulation always exists. For the proof we refer to Chapter 
7 in [6] or Chapter 2 in [8] . Let t(P) be a triangulation of P. We say that 
k lines l\, . . . , If. G H form a simplex if the corresponding points in P are 
vertices of a simplex of the triangulation. We use the following notation 
for this: {h, ■ ■ ■ ,h} G T (P)- In the two-dimensional case we used that 
the sumsets of points on consecutive lines are disjoint. Here we are 
using that the interiors of the simplices are disjoint, therefore sumsets 
of lines of simplices are also disjoint. Note that we assumed that A 
is positive, so we are considering convex combinations of vectors with 
positive coefficients. Let {Zi, ...,/&} G t(P) and . . . ,l' k } G t(P) 
are two distinct simplices. Then 



Also, since the k vectors parallel to the lines 
linearly independent, all sums are distinct, 



,l k } G t(P) are 



k 

i=i 



H\hnx k A\. 



Now we are ready to put everything together into a sequence of in- 
equalities proving Theorem |3.1| 



\kA\ k > 



{h 



E 

•A}6t(P) 



J2hnx k A 



k-l 



Every line is is incident to at least | ^4 1 1 2e ^ k ^ /2 points of x k A, there- 
fore 



\kA\ k > 



I A Ifc— 2e(fc— 1)) \a |2fc— 1— 2fc(fc— l)e 



2A;2 fc k2 k + 1 
Taking the k-th root of both sides we get the result we wanted to show 

\kA\ > Cfcl^l 2 - 1 /*-^*-!)*. 



□ 



References 

[1] M.C. Chang, The Erdos-Szemeredi problem on sum set and product set, Annals 

of Mathematics, 157 (2003), 939-957. 
[2] Gy. Elekes, On the number of sums and products, Acta Arith., 81 (1997) 365- 

367. 



8 JOZSEF SOLYMOSI 

[3] Gy. Elekes, Sums versus products in Number Theory, Algebra and Erdos Ge- 
ometry — a survey, in: Paul Erdos and his Mathematics II, Bolyai Math. Soc. 
Stud 11 Budapest, 2002, 241-290. 

[4] P. Erdos and E. Szemeredi, On sums and products of integers, in: Studies in 
Pure Mathematics (Birkhauser, Basel, 1983) 213-218. 

[5] K. Ford, Sums and products from a finite set of real numbers, Ramanujan J. 2 
(1998) 59-66. 

[6] I.M. Gelfand, M.M Kapranov, and A.V. Zelevinsky, Discriminants, Resultants, 

and Multidimensional Determiants in the series Modern Birkhauser Classics, 

Boston, (2008). Reprint of the 1994 Edition. 512 p. 
[7] W.T. Gowers, A new proof of Szemeredis theorem for arithmetic progressions 

of length four, Geom. Func. Anal. 8 (1998), 529-551. 
[8] J. A. De Lorea, J. Rambau, and F.S. Leal, Triangulations: Structures and 

Algorithms, Springer, forthcoming 
[9] M.B. Nathanson, On sums and products of integers, Proc. Amer. Math. Soc. 

125 (1997) 9-16. 

[10] I. Z. Ruzsa, An application of graph theory to additive number theory, Scientia 
3 (1989), 97-109. 

[11] J. Solymosi, On sums and products of complex numbers, J. Theor. Nombrcs 

Bordeaux, 17 no. 3 (2005), 921-924. 
[12] J. Solymosi, On the number of sums and products, The Bulletin of the London 

Mathematical Society 37 (4) (2005), 491-494. 
[13] T. Tao, Product set estimates for non- commutative groups, Combinatorica, to 

appear. ( |arXiv:math.CO/060143l] | 
[14] T. Tao and V. Vu, Additive combinatorics Cambridge studies in advanced 

mathematics, 105, Cambridge University Press, 2006. 



